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3D tomographic
reconstruction
Breathing compensation
4D motion
Heart beat compensation
3D static centerlines
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I(σ, p) = I(.) ∗ G(σ, p, .)
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p+ σd
∇ I(σ, p+ σd)
p− σd
−d
d
D(σ, p)
p
∇ I(σ, p− σd)
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H(I, σ, p) =
(
∂2I(σ,p)
∂x2
∂2I(σ,p)
∂y∂x
∂2I(σ,p)
∂x∂y
∂2I(σ,p)
∂y2
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tan(2D(σ, p)) =
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2I(σ,p)
∂x∂y
∂2I(σ,p)
∂x2
− ∂
2I(σ,p)
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D(σ, p)
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R(σ, p) = min {∇I(σ, p+ σd).d,∇I(σ, p− σd).(−d)}
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σ∈Σ
R(σ, x)
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D?(x) = D(σ?, x)
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R?(x) = R(σ?, x)
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R?(p) > R?(p+ d)
R?(p) > R?(p− d)
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(p − d, R?(p − d))
®
(p,R?(p))
®gb.
(p + d, R?(p + d))
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q(α) =
aα2+ bα+ c
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q(−1) = R?(p−d)
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q(0) = R?(p)
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q(1) = R?(p+ d)
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q(α)
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α̂
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α̂ =
R?(p− d)−R?(p+ d)
2(R?(p+ d) +R?(p− d)− 2R?(p))
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Φ : Rp×R3×R −→ R3
®P.zj9kxpk@p|65DkT={Pt9¤k@xp}^
p ∈ Rp
®Pxpfik½V}^vp|xp|~}7}±4V}^|Px
X = (x, y, z)b±âxpkDxpfik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Φ(p, X, t) = X +
∑
ijkl
Bi(x)Bj(y)Bk(z)Bl(t)pijkl
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Φ(p, ., .)
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Ψ : Rp 7−→ R
}±xpfikDp|xpk@p|~}Í
Ψ(p) =
1
Ñ Λ̃
∑
n∈N
∑
X∈X
Λ(X)R?n (Mn (Φ (p, X, tn)))
¾|xpf
Λ̃ =
∑
X∈X
Λ(X)
¾fik@pk
X
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Λ(X)
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  j9}bxz|}^°bii~|D$xz|~} Φ : Rp × R3 × R 7−→ R3 ®
  iz}byk@xp|~}°bii~|D$xz|}^
Mn : R
3 7−→ R2
®
ÞâßàÞâá
 /Ç
	
	
 
	¬Ç!
MÇ!"#%$&VÇ  '	(	)*,+ '.-/(0DÇ!	14Ç2.ÇÇ 
  jixp|vzDb~k3§.xzkD:pk@vpV}[v¥k3¤$.k R?n : R2 7−→ R ®i.
  ¾k@|^f^xz|i9{ut}i§[wkD[k)|~.wk¯ Λ : X ⊂ R3 −→ R «
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Ψ
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dΨ(p)
dp
=
1
Ñ Λ̃
∑
n,X
Λ(X)
dR?n
dMn
dMn
dΦ
∂Φ(p, X, tn)
∂p
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Í
Γ1(p) =
1
ĨJ̃ K̃L̃
∑
ijkl
‖pijkl‖
2
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Γ2(p) =
1
ĨJ̃ K̃L̃
∑
ijkl
1
ṼXijkl
∑
i′j′k′l∈VX
ijkl
‖pijkl − pi′j′k′l‖
2
Γ3(p) =
1
ĨJ̃ K̃L̃
∑
ijkl
1
Ṽtijkl
∑
ijkl′∈Vt
ijkl
‖pijkl − pijkl′‖
2
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Υ(p) = Ψ(p)− α1Γ1(p)− α2Γ2(p)− α3Γ3(p)
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Φ(p̂, ., .) : R3×R −→ R3
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Φ
«9egfik9j9}bxz|}^
Φ(t, .) : R3 −→ R3
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DPi|vp|Äxz|}^Í
  Pb^xzptÁz}bxzbxp|~}®
  zk@vpi|~zbxp}pt7j9}bxz|}^®ib[
  @bw|~^½j=}xp|~}«
egfP.v@®¾kÁf.F¤k=xz}¨iz}ww.Dk9¤u|~¥xz.bj7v7,bi^|}^zbj7v½±³z}j }z|^|.\i|~}^zbj7vD«Áegf.|~v|~v
w}^ik)|~j9kD¶Z¾|v¥k3|~±³}^i:v¥xpk@.vDÍ
  {i|~.ptÁ¤kTvpvpkDwkxzk@xp|~}®
  ¤u|~¥xz.b4{.^7u^p}i[Á|~j7bk}^j9iwxzbxp|~}®
  ¤u|~¥xz.b4j7v7Á|~j9k}^j=.wxzbxp|~}®i.
  ¤u|~¥xz.bvpi{wxzz^ÃxpkT
|~j7b^k)D}j9iwx$xp|~}"«
egfik¸§.vyx²v¥xpkD©|vw}^ik¸{utªii~tu|i¦b©fPtwvyxzkDzk@vp|~v7xzfipkTv¥f.}w|.Ìxp}µxpfik,jixp|vp@b~k¸§.ÄxzkD
zk@vpV}.vpkj7b.v@«egfik~}F¾·.)fi|^f3xzfipkTv¥f.}ivbzkzfi}Pv¥k@)k@P.$xp}xzfi}^vpk\.vpk@wiz|~i:DkD^xzkDz|~ikTv
wkDxpk@xp|~}«ne}7j7b.k)V}bxzkDPxp|bwkxzk@Ãxz|}^¨wkD±³k@Ãxv:ik@gxzfik{i|±³iz@$xz|}^.v}/$x/i|~v¥xz.¥xvg}±
D}z}.bptÁbpxpk@p|~k@v@®Pxpfi|v{i|~.bztÁ|~j9k)|~v:w|~~bxpkT.vp|i7j9bxpfik@j7$xp|D4j9}zifi}~}^t=:ÊrukD^M>º«
egfik­vpk@D}. vyxzkD |v
^zf.|k@¤k@Ó{utªbii~tu|.µÌj9}zifi}^}^|Db:D}Pv¥izk°xp}µxpfik­}z|~|~.b:|j=¶
k=:ÊrukD^M>º®xpfi|v~k@.v)xp}­bÌiip}F¯w|~j9bxp|~}K}b±nxzfik
}^pzk@vpV}.w|~i²|~j7bk^®DPi|~zk@,¾|xpfi}^wx
D}^xzz^vyx:bk@^x|~$yk@Ãxz|}^«
egfikxzfi|,v¥xpk@,|v3VkDp±³}zj9k@­D}j{i|~i|~ixpfikTv¥k=x¬¾}²|~j7b^k@v½|~­xzfik=±³}~}$¾|~i¾nFtHÍ:±³}^but
i|¯wkDZ®|xzv¤u|~¥xz.bj7v7,|~j7bkÁ¤bb~ikÁ|v|~¤kDÌ{ut,xpf.k
¤u|pxp[bäj7^v7K|j7kÁ¤$ik^®|±xzfik
i|¯wkD
{VkD~}^i^v:xp}Á¤^k@vpvpkD^DD}w|i7xp}
xpfik{i|~.pt²¤kTvpvpkDwkDxpk@xp}^½|j7k®V}½{Pt²xzfik}z|~|~.b"|~j7bk
¤$~ik®|Ä±xpf.kÁi|¯wkDnw}uk@vi}x{VkD~}.°xp}­¨¤kTvpvpkDZ«°egfi|vxzfi|~z·|~j7b^k7|v¨¤P|~pxp.j7^v7,}b±gxzfik
}^p|~|~.bH|~j9k^«
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¤k@vzvpkDwkDxpk@xp}^½|i±³}zj9bxp|~}­b.¸}z|^|.b.¸¤u|pxp.j7v7²|~j9kTvD®Hb.¸¤P|~pxp.~t
vpi{wxzz^ÃxpkT|j7b^k«rui{wxzz^Ãxz|}^=ip}ik@vzvzkDj9}F¤kTvj9}^v¥x\}b±V.}=¤$^vpDib{.7uz}i.vyxzp[Ãxpizk@v@®
xzf.$x/bzk)vpi{wyk@Ãx:xp}=xzpi[D$xz|}^®w¾fi|~~k)izk@vpkDz¤u|.¤k@vzvpkDvn|~w±³}zj7$xz|}^«
egfikgv¥xv¥xpk@=|vxpfik~}Pbz|xpfij9|nv¥i{ixpÃxz|}^}±[xpf.k}z|^|[bu|~j9k
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.xpf.k¤u|pxp.wj7v7
|~j7bkxp}/iz}ww.Dk\xpf.kä¤u|~¥xz.b~t)vpi{wxpxpkT)|~j9k
Jn
xpf.bx¾|~~^{Vk^Ãxp[b~t3.vpk@^v4xz}j9}^zb.fi|~
ibxz.«|^ipkb=|~~.v¥xp$xpkTvxzfik¤u|pxz.b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zkDj7b|~.v3v¥xp|~wiz|~i²vp|.}bj DPi|vp|Äxz|}^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xpf.k½i|~}^zbj9vxzf.$xn¾kDzk
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t = tn
Spn
Φtn(Vk)
pn
|~izk¸iÍK}Pxpz|{.wxp|~}ª}b±¤}T¯wkD
Vk
®D}.vp|~ikDzk@Ó$x
i}zj7b~|B5@k@Âxz|j9k
t = 0
®nxp}µi|¯uk@
pn
®
D}.vp|~wk@pkTÌ$x=i}zj7b~|B5@k@Kxp|~j9k
t = tn
|~v|~¤kDµ{PtKxzfik¤}~ij9k
}b±xpf.k
|~^xzkDv¥kTÃxz|}^Ì{VkDx¬¾k@kD
vp}~|~²b.~k
Spn
.²wkD±³}zj=kT¤}T¯wkD
Φtn(Vk)
$xxp|~j=k
t = tn
«
o½=xzfik/D}^xzzpt^®b¾k:.vpk/b~[T¤bb|~~{i~kn±³zj9k@vD®^fi}j9}^kD.kD}.vp~tb.9|~.wkDVk@.wkDPxp~t±³z}jxzfik
@bw|~^if[vpk=xzfikDt,}^{.v¥k@p¤k^«7m¬ : l&@ + ?>º®"xzfikÁwxpf.}v)ip}^V}^vpk9K|xpk@zbxp|~¤k7vzzf.kDj9kÁbxpk@¥¶.bxp|~i7{Vkxy¾kDkD¨j=}xp|~}°k@v¥xp|~j7$xp|~}¨b.xz}j9}^zb.fi|~½zk@D}.v¥xpz.Ãxz|~}®w|°xpfik=neYD}^xzk¯uxT«no½
xzfik}iV}Pv¥|xpk^®i¾nk.vpk 
 uÉ )Ç!+ ?pkT}[vyxzp.xp|~}²j9kxpf.}w4«gegfikxp}^j=}^bifi|3pkT}^.vyxzp[Ãxp|~}
|v:w}.k){Pt|~^xpk@$xz|i=xpf.kb¶¬¹1j9}bxp|~}°k@v¥xp|~j9bxp|~}°|Pxp}9xpf.k)xp}^j9}b.fi|~½iz}byk@xp|~}²}Vk@zbxp}^
j7$xzp|¯4« G3|¤k@93¤}T¯wkDvvpkxxzf.$xäw|~vzzkxz|B5@k@vxpfik:$¶¬¹ªpk@|~}}±[|~^xzkDzk@v¥x@®bxpfikiz}byk@Ãxz|}^}Vk@zbxp}^
j7$xzp|¯­}wk!AÁ|~kDPx
Rpn,k
k@.}wik@v½xpf.k9D}Pxpz|{iixp|~},}b±¤}F¯wkD
Vk
xz}²i|¯wkD
pn
|~K|j7b^k
n
«=egfik
vp}~|~²b.~k3¾|xpf°¤kDpxz|~Dk@vnxpfik´:¶ºTt
v¥}^ik)$x±³zj=k
i
b[i|Ä¯wk@
pn
k@w^k@vg|vwk@i}bxzk@
Spn
«
m¬xpf.kvyx$xp|)@vpk®i}^^xpz|~{iwxp|~}[vbzk3|~¤kD²{PtHÍ
Rpn,k = vol (Spn ∩ Vk)
Î¥TÏ
Ý/v/v¥fi}$¾°| |~.pkw^®ib±âxpkD½±³k@¾ÑDi$xz|}^.vg|~¤kD°| : l/<)Ü¨Ý/^?>º®ixpf.kD}^xzp|~{iwxz|}^°|
xzfikwtu.bj9|)D^v¥k)|~v}{wxb|~ik@{utVÍ
RΦpn,k = vol (Spn ∩ Φtn(Vk))
ÎZÏ
|~.~t®^xpfik½k¯ix}^^xzp|~{iwxz|}^Á}j9iixz$xz|}^7|vbiiz}T¯w|~j7$xzk@={Pt7v¥|~i~k/}^^xzp|~{iwxz|}^.vä.
ik@~k@Ãxvnxpf.kpkDbxp|~¤k3¤}~ij9k)¤$p|$xz|}^
k  Hk@x@Í
RΦpn,k =
{
vol (Vk) if Φtn(vk) ∈ Spn
0 else
¾fik@pk
vk
|~vgxpfikDkD^xzkD:}b±¤}F¯wkD
Vk
«
Ý/vxpfik
iz}$ykTÃxz|}^·}Vk@zbxp}^)j7bxpz|Ä¯
RΦ
f[v{VkDkDÂ}^pzk@Ãxzk@,±³}Dzw|9j9}bxz|}^®¾kÁi}$¾
@bY.v¥kÌbÀbz{i|xpbzt¦xz}j9}^zb.fi|~­pkT}^.vyxzp[Ãxp|~}j9kxpf.}w4«(ÒKk·fi}^vpk,xpfikÌ^iw|xp|~¤k·Ý/e
j9kxzfi}w : ¿/kD?>º«Kegfik|~i|xp|bnzk@}^.vyxzz.Ãxp|~}^·|v=v¥kDxxz}­uig|Pxpk@.v¥|xytK±³}^=b~¤}F¯wkDv@®xzfikD¦
|xpk@zbxp|~¤k)iHibxpk|~v/w}ik.|Ä¯wkD¶º¾|~vpk){ut²iw|xp|~¤kw|vyxzz|{iwxz|~}°}b±xzfikip}bykTÃxz|}^²zk@v¥|w.~vg±³}/
^|¤k@i|¯wkDZ«Ü¨}zknipkT|v¥k@t^®b|Ä±
µl
|v\3¤k@xp}^pk@izk@vpkD^xz|./xzfik:izpk@^x\pkT}^.vyxzp[Ãxp|~}"®Fxpfik@xzfik
vpij }b±}^^xzp|~{iwxz|}^.vävzv¥}wD|~bxpk@xp}i|¯wkD
pn
|~7|~j9k
n
|v^|¤k@9{ut
< RΦpn,., µ
l >
®P¾fikDzk
RΦpn,.|vxzfikT¾Ñ}b±\j7$xzp|¯
RΦ
}^pzk@vpV}.w|~i=xz}Á.|Ä¯wkD
pn
}^^xzp|~{iwxz|}^.vD«:egfikzk@vp|~w[b±³}/.|Ä¯wkD
pn
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|v:xpfu.v½|~¤kD¨{ut
Jn(pn)− < RΦpn,., µ
l >
.¨|~v½fi}j9}^kDik@}.vpt.bpxpkT°{Vkxy¾k@kD­D}^xzp|~{iwxz|~i
¤}F¯wkDvDÍ Jn(pn)−<RΦpn,.,µl>
‖RΦpn,.‖
2 R
Φ T
pn,.
«äegfik^iw|xp|~}²}±9pk@~b¯i$xp|~}.zj=kDxpk@
λ ∈]0, 2[
tP|~kDivgxpf.k
±³}^~}F¾|~i9iHi$xzkvzfikDj9kÍ
µl ←− µl + λ
Jn(pn)− < R
Φ
pn,.
, µl >
‖RΦpn,.‖
2
RΦ Tpn,.
Ý:Á|ÄxzkD$xz|}^9}b±Ý½e b~}^p|xpfij»|~vä|~¤kD7{Pt=VkDp±³}zj9|i.Hi$xzk@vä^vpvp}wD|~$xzk@xp}[F¤$|b{.k
i|¯wkDvD«m¬².z^Ãxp|k^®w¾k.vpk@¨|xpkD$xz|}^.vg}b±\Ý/eÀb~}z|xpfij°«|~izkizk@vpkD^xvD}j9.b$xz|¤k
zk@vpixzv)±³}v¥k@.b$xzk9.·}j{.|ikTKk  Hk@Ãxv}b±g¤u|pxp.vpi{wxzz^Ãxz|}^·b.Kj9}bxz|}^·D}j9VkD.vz$xz|}^
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